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Abstract

This dissertation aims to examine the Darcy—Brinkman flow over a stretching sheet
in the presence of porous dissipation. The governing equations of the described
flow are nonlinear PDEs. Appropriate similarity transformation are applied to
transform the PDEs into a set of ordinary differential equations. The resulting
system of nonlinear equations is solved numerically under the velocity and thermal
slip conditions, by shooting technique. The numerical results obtained by shooting
method are validated by in built MATLAB routine bvp4c. An excellent agreement
was observed. The variation of parameters was studied for different flow quantities

of interest and results are presented in the form of tables and graphs.
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Chapter 1

Introduction

Fluid dynamics is a branch of applied science that studies how liquids and gases
move. Fluid dynamics is studied by scientists from various fields. This science has
received a great deal of scientific attention, propelling it to the forefront of techno-
logical advancement. Fluid dynamics is a subject that is particularly amenable to
cross-fertilization with other sciences and engineering disciplines since fluids have
the potential to carry matter and transmit force.

The porous medium containing continuous solid phase with pores/vacant spaces
to enable a fluid to pass through or around them. Porosity is the fraction of
vacant space to the total volume. Varieties of naturally occurring and artificial
porous media are available including rocks like stand stone, dolomite, pumice,
limestone, beach sand, cloth sponge, gall bladder with stones, foamed plastic,
lathes packed with pebbles, rye bread, surface layer that is endothermic, drug
permeation through skin, catalyst pellets and human lung. Investigators paid
attention towards applications of porous medium in industrial and engineering
fields[1]. These applications are filtration as well as purification techniques, water
seepage in river beds, drying of spongy materials in textile production, pollutants
movement into soil and aquifers, chemically saturation of porous materials, migra-
tion of humidity via engineering framework and transport of heat and mass via
packed bed reactors columns[1]. Darcy law states that “Flow is linearly dependent

on the pressure gradient and the gravitational force”.

1
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This law is usually considered as the macroscopic equation of motion for Newtonian
fluids in porous media at low Reynolds numbers and when the medium is densely
packed(lower permeability). The porous medium will contain considerable voids
when the pore distribution is sparse and the pores are big, creating viscous shear
in addition to Darcy’s resistance. In that situation, both the standard viscous re-
sistance term (Brinkman term) and the Darcy resistance term (Darcy-Brinkman
is the name of this model) should be considered [1-7].

A stretching flow is an elastic flat sheet that is stretched in its own plane with
a velocity that varies with distance from a fixed point. Various manufacturing,
industrial, and engineering operations manufacture the sheeting material. When
melt material is forced through an extrusion die to make polymer sheets, it cools
and solidifies away before reaching the cooling phase of the die. Fiber spinning,
glass blowing, hot rolling, continuous casting, thin film flow and many other op-
erations use boundary layer flow generated by stretching sheets [8—14].

A number of researchers have studied boundary layer flow over a stretching sheet
in the presence of a Darcy porous medium [15-21].

Wagar and Pop [21] Performed a Darcy-Brinkman flow over a stretching sheet.
When a fluid is forced to move as a result of sheet stretching, it accumulates ve-
locity and kinetic energy, which is then converted into heat energy. The phrase
for viscous dissipation in the energy equation has been changed in the presence
of a porous media, and this process is known as porous dissipation. In the conse-
quences of viscous dissipation were overlooked by the authors. Furthermore, even
while simulating Darcy flow, the authors ignored the porous dissipation factors.
To the best of our knowledge, no one has investigated the Darcy-Brinkman flow
across a stretching sheet in the presence of frictional heating and porous dissi-
pation. Slip condition has a wide range of commercial and practical uses, partic-
ularly in micro- and nanochannels. Slip conditions, which greatly influence fluid
motion at the fluid—solid interface, are necessary to examine heat transfer flows
more precisely.

The phenomenon of slip condition has many industrial and practical applications,

especially in microchannels or nanochannels. To study heat transfer flows more
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accurately, slip conditions are required, which strongly influence fluid motion at
the fluid solid interface. Zhang et al. [22] investigated the heat transfer perfor-
mance in microchannel under the slip flow regime and constant heat flux boundary
condition by considering into account the effects of velocity slip and temperature
jump. Hooman and Ejlali [23] showed that the combined effects of temperature
jump and velocity slip on forced convection in both parallel plate and circular mi-
crochannels for fully developed gas— liquid slip flows. Hussanan et al. [24] studied
the Newtonian heating problem with additional effects of velocity slip and free
convection on heat transfer flow over a vertical plate.

Liu and Guo [25] used second-order slip condition while studying analytical solu-
tion of fractional Maxwell flow under magnetic field. Jing et al. [26] investigated
the hydraulic resistance and heat transfer rate in elliptical microchannel with the
velocity slip for different length ratios. Andersson [27] obtained the analytical so-
lution for the slip flow over a stretching sheet. Turkyilmazoglu [28] performed the
heat and mass transfer analysis of MHD flow over a stretching sheet in presence
of velocity and thermal slip effects. Yazdi et al. [29] studied the effects of viscous
dissipation on MHD flow over a porous stretching sheet in the presence of slip and
convective boundary conditions. Hsiao [30] examined the MHD stagnation point

flow of nanofluid towards a stretching sheet with slip boundary conditions.

1.1 Thesis Contribution

The key focus of the current study is to perform the analysis for the Flow of the
Boundary Layer Flow through Porous Medium in the Presence of Slip Effects,
Joule Heating and Inclined Magnetic Field under the conditions of velocity, ther-
mal slip and porous dissipation. In this work, we convert a system of PDEs into
non-linear ODEs using similarity transformations. Shooting technique with fourth
order RK method is used to obtained the numerical results. To verify validity of
our results comparative review was made between the shooting method and the

built-in bvp4c function [31] in MATLAB. In case of special cases, contrast among
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available results was also analyzed. The effects of a variety of relative parameter

on velocity profile ¢'(£§) and temperature profile 6(§) are examined.

1.2 Layout of Thesis

A brief overview of the contents of the thesis is provided below.

Chapter 2: includes some basic definitions and terminologies, which are useful
to understand the concepts discussed later on.

Chapter 3: consists of a elaborated review of boundary layer flow through Porous
medium with slip condition.

Chapter 4: gives the details of the generalization of the work presented in chap-
ter 3, under the influence of Joule heating, field of magnetic attraction, viscous
dissipation, and radiation of heat.

Chapter 5: contains the conclusion of the whole research.

All the references used in this study are provided in the Bibliography.



Chapter 2

Basic Definitions and Governing

Equations

We will discuss some basic concepts, terminologies, basic rules, and dimensionless
numbers in this chapter, which will be useful in carrying out the work in the next
chapters. This section contains few essentials definitions and laws of the fluids,

which will be used in the upcoming discussions.

2.1 Basic Terminologies

This section contains, some basic terminologies and definitions from fluid dynam-

ics which are needed for our main work.

Definition 2.1.1. (Fluid)

“Fluid is a substance which exists in three primary phases solid, gas and liquid.
(At very high temperatures, it also exist as plasmas). A substance in the liquid or
gas phase is referred to as a fluid. Distinction between a solid and a fluid is made
on the basis of the substances ability to resist an applied shear (or tangential)
stress that to change its shape. A solid can resist an applied shear stress by

deforming, whereas a fluid deforms continuously under the influence of shear stress

5
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, no matter how small. In solid stress is proportional to strain, but in fluids, stress

is proportional to strain rate.”[32]

Definition 2.1.2. (Fluid Mechanics)
“Fluid mechanics is that branch of science which deals with the behavior of the

fluid (liquids or gases) at rest as well as in motion.” [33]

Definition 2.1.3. (Fluid Statics)
“The study of fluid at rest is called fluid statics.” [33]

Definition 2.1.4. (Fluid Dynamics)
“The study of fluid if the pressure forces are also considered for the fluids in motion

is called fluid dynamics.” [34]

Definition 2.1.5. (Viscosity)
“Viscosity is defined as the property of a fluid which offers resistance to the move-

ment of one layer of fluid over another adjacent layer of the fluid. Mathematically,
T

M:@7
y

. ) ) } ou )
where p is viscosity coefficient, 7 is shear stress and 0 represents the velocity
Y

gradient.” [33]

Definition 2.1.6. (Density)
“The density of a substance is its mass per unit volume. The symbol most often

used for density is p although the Latin letter D can also be used. Mathematically,

p==.[34]

<|3

Definition 2.1.7. (Kinematic Viscosity)
“It is defined as the ratio between the dynamic viscosity and density of fluid. It

is denoted by symbol v. Mathematically,
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Definition 2.1.8. (Magnethydromechanics)
“MHD is concerned with the mutual interaction of fluid flow and magnetic fields.
The fluids in question must be electrically conducting and non-magnetic, which

limits us to liquid metals, hot ionized gases (plasma’s) and strong electrolytes.” [33]

Definition 2.1.9. (Nano Fluids)

““A nano fluid is a fluid containing nano meter-sized particles, called nano par-
ticles. These fluids are engineering colloidal suspensions of nano particles in a
base fluid. The nano particles used in nano fluids are typically made of met-
als, oxides, carbides, or carbon nano tubes.” Common base fluids include water,

ethylene glycerol and oil.” [33]

Definition 2.1.10. (Pressure)
“Pressure is defined as the physical force exerted on an object. The force applied

is perpendicular to the surface of objects per unit area. Mathematically,

P =34

NS

Definition 2.1.11. (Boundary Condition)

“Boundary conditions (b.c) are constraints necessary for the solution of a boundary
value problem. A boundary value problem is a differential equation (or system
of differential equations) to be solved in a domain on whose boundary a set of
conditions is known. It is opposed to the initial value problem, in which only the
conditions on one extreme of the interval are known.

Boundary value problems are extremely important as they model a vast amount
of phenomena and applications, from solid mechanics to heat transfer, from fluid
mechanics to acoustic diffusion. They arise naturally in every problem based on
a differential equation to be solved in space, while initial value problems usually

refer to problems to be solved in time.” [34]
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2.2 Classification of Fluids

In this section, types of fluids are discussed which further help in understanding

nature of fluid motion.

Definition 2.2.1. (Ideal Fluid)
“A fluid which is in compressible and has no viscosity, is known as an ideal fluid.
Ideal fluid is only an imaginary fluid as all the fluids, which exist, have some

viscosity.” [35]

Definition 2.2.2. (Real Fluid)
“A fluid which possesses viscosity, is known as a real fluid. In actual practice, all

the fluids are real fluids.” [35]

Definition 2.2.3. (Newton law of Viscosity)

“The relationship between the shear stress and shear rate of a fluid subjected to a
mechanical stress. The ratio of shear stress to shear rate is a constant, for a given
temperature and pressure, and is defined as the viscosity or coefficient of Newton

Law of viscosity. Mathematically,

Definition 2.2.4. (Newtonian Fluid)
“A real fluid in which the shear stress is directly proportional to the rate of shear

strain (or velocity gradient), is known as a Newtonian fluid. Mathematically, it

du
Tey X @
du

Tey = H d_y .

can be written as:

where
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du
e u= Dynamic viscosity, 7,,= Shear stress exerted by the fluid, and T

Y
Velocity gradient perpendicular to the direction of the shear.”

water and alcohol etc, are the common examples of Newtonian fluid.[35]

Definition 2.2.5. (Non-Newtonian Fluid)
“A real fluid in which the shear stress is not directly proportional to the rate of
shear strain (or velocity gradient), is known as a non-Newtonian fluid. Mathemat-

ically, it can be expressed as

where

du
e k= Flow consistency coefficient, d—:Shear rate, and n= Flow behaviour
Y
index.”
Paints, blood and biological fluids etc, are good examples of Non-Newtonian

fluids. [35]

2.3 Types of Fluid Flow

Fluid flow is studied in fluid Mechanics and deals with fluid dynamics. This section

gives the following six types of fluid flow.

Definition 2.3.1. (Laminar and Turbulent Flow)

“Laminar flow is defined as that type of flow in which the fluid particles move
along well-defined paths or stream line and all the stream-lines are straight and
parallel.

Turbulent flow is that type of flow in which the fluids particles move in a zig-zag
way.”

For Examples:
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(i) Oil transport and Blood flow in arteries are the examples of Laminar flow,

(i) Lava flow, atmosphere and ocean currents are the examples of Turbulent

flow.[35]

Definition 2.3.2. (Compressible and Incompressible Flows)
“Compressible flow is that type of flow in which the density of the fluid changes
from point to point or in other words the density p is not constant for the fluid.

Mathematically,
p#k,

In-compressible flow is that type of flow in which the density is constant for the
fluid. Liquids are generally in-compressible while gases are compressible. Mathe-
matically,

p =k,

where k is a constant.”

For examples:

e Natural gas is the example of Compressible flow and water is the example

of Incompressible flow.[35]

Definition 2.3.3. (Steady and Unsteady Flows)

“If the flow characteristics such as depth of flow, velocity of flow, rate of flow at
any point in open channel flow do not change with respect to time, the flow is said
to be steady flow.

Mathematically,
0Q
X 0
ot ’

if at any point in open channel flow, the velocity of flow, depth of flow or rate of
flow changes with respect to time, the flow is said to be unsteady. Mathematically,

9Q

E%Oa

where, Q is any property of flow.”

For examples:
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(a) Pipes, nozzles, diff-users, and pumps(steady flow),

(b) Tidal effects, passage of a flood wave(unsteady flow).[35]

Definition 2.3.4. (Uniform and Non-uniform Flows)

“If the flow velocity is assumed to have the same speed and direction at every
point within the fluid, it is said to be uniform.

If at a given instant, the velocity is not the same at every point, the flow is non-
uniform.”

For examples:

(1) Flow of water in a pipe of constant diameter at constant velocity is the ex-

ample of uniform flow,

(1) Tapering pipe at either decreasing or increasing flow rate is the example of

non-uniform flow.[35]

Definition 2.3.5. (One,Two and Three dimensional Flows)

“One, two or three dimensional flow refers to the number of space coordinate
required to describe a flow. It appears that any physical flow is generally three-
dimensional, but these are difficult to calculate and call for as much simplification
as possible. This is achieved by ignoring changes to flow in any of the directions,
thus reducing the complexity. It may be possible to reduce a three-dimensional

problem to a two-dimensional one, even a one-dimensional one at times.”[35]

Definition 2.3.6. (Rotational and Irrotational Flow)

“Flow is Rotational when the particles of fluids are all rotating about their own
axis in addition to their other movements.

Irrotational flow is when the individual particles are not rotating around their

axis.” [35]

Definition 2.3.7. (Viscous Flows)
“When two fluid layers move relative to each other, a friction force develops be-

tween them and the slower layer tries to slow down the faster layer. This internal
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resistance to flow is quantified by the fluid property viscosity, which is a measure
of internal stickiness of the fluid. Viscosity is caused by cohesive forces between
the molecules in liquids and by molecular collisions in gases. There is no fluid
with zero viscosity, and thus all fluid flows involve viscous effects to some degree.

Flows in which the frictional effects are significant are called viscous flows.” [35]

2.4 Properties of Fluid

This section contains some important properties of fluid. These properties are

necessary for our goals to be achieved in this dissertation.

Definition 2.4.1. (Shear Stress)
“In shear stress a force is tending to cause deformation in a material or fluid. The
direction of force in this case is always parallel to the material. Shear stress can

be represented as n by following relation[35]

Definition 2.4.2. (Normal Stress)
“Normal stress is the component of stress in which force acts perpendicular to the

unit surface area.” [35]

Definition 2.4.3. (Thermal Conductivity)
“Thermal conductivity s is the property of a material related to its ability to
transfer heat.
Mathematically , it is given by

q¢*VL

K==,

SVT

where ¢* is the heat passing through a surface area S and the effect of a temperature

difference VT over a distance is VL. Here L, S and VT are all assumed to be of
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w

unit measurement. The SI unit of thermal conductivity is s and its dimension
m.

is [MLT—1071] .7 [35]

Definition 2.4.4. (Ratio of thermal conductivity and specific heat)

“It is the ratio of the thermal conductivity of fluid or material to the specific heat

capacity of fluid or material.

Mathematical formulation is:

where

e 1 = Thermal conductivity of material, p = Density and C), = Specific heat

capacity.” [35]

2.5 Properties of Heat Transfer in Fluid

Heat transfer is the branch of thermal engineering that deals with the genera-
tion, use, conversion and exchange of thermal energy between physical systems.

Following are the modes of heat transfer.

Definition 2.5.1. (Conduction)

“The flow of heat transfer through liquid or solid with rapid vibration between
neighboring molecules and atoms is called conduction. In other words motion of
free electrons from one atom to another is known as conduction.

Mathematically, it can be written as

vT
q=—kKA <%) )

where x denotes the constant of the thermal conductivity, A is the area and VT
denotes gradient of temperature respectively.”

For example:

(i) Picking up a hot cup of tea,
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(ii) After a car is turned on, the engine becomes hot,

(iii) A radiator is a good example of conduction.|35]

Definition 2.5.2. (Convection)
“It is a mechanism in which heat transfer occurs due to the motion of molecules
within the fluid such as air and water. A mathematical expression for convection

phenomena is

q:hA(Tf_Too)7

where ¢, h, A, Ty and T, denote the the rate of convection, heat transfer coef-
ficient, the area, the temperature of the surface and the temperature away from
the surface respectively.”

For example:

If meat is still frozen when it’s time to start cooking, it will defrost more quickly
when placed under running water than if it is immersed in water. The reason is
the convection, or movement of the water and its heat circulation, will transfer
heat more quickly into the frozen meat than if the meat sits immersed in water

and has to absorb heat energy through conduction. [35]

Convection is further categorized as free or natural, forced and mixed. An overview

is as written below:

Definition 2.5.3. (Free Convection)

“It is the process, in which heat transfer is caused by the temperature differences.
It effects the density of the fluids and the fluid motion is not developed by an
external source. It occurs only in the presence of gravitational force and also
known as free convection.”

For example:

Natural convection can create a noticeable difference in temperature within a
home. Often this becomes places where certain parts of the house are warmer and

certain parts are cooler.[36]
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Definition 2.5.4. (Forced Convection)

“It is the type of convection in which some external source is used too induced a
force on the fluid’s system for the transportation of heat. External source may be
a pump, fan or a suction device.”

For example:

(a) The sweat that our body produces is for effective heat transfer. So when the
fan is off, the air around us absorbs the water vapor until its saturated. After
that it stops and we start feeling more hot. So when we switch on the fan
the air around us starts moving, so the air never gets saturated completely
and hence the sweat keeps evaporating by absorbing our body heat and we

feel cooler.

(b) Forced convection creates a more uniform and therefore comfortable temper-
ature throughout the entire home. This reduces cold spots in the house, re-
ducing the need to crank the thermostat to a higher temperature, or putting

on sweaters.[36]

Definition 2.5.5. (Mixed Convection)

“When both natural and forced convection affect the heat transfer process at the
same time, then this mechanism is called mixed convection.”

For example:

A fan blowing upward on a hot plate. Since heat naturally rises, the air being

forced upward over the plate adds to the heat transfer.[36]

Definition 2.5.6. (Radiation)

“Radiation is the energy transfer due to the release of photons or electromagnetic
waves from a surface volume. Radiation does not require any medium to transfer
heat. The energy produced by radiation is transformed by electromagnetic waves.

Mathematical formulation for this phenomenon is:

k = EcA[AT]*,
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where

(a) E is the emissivity of the scheme

W
(b) o is the constant of Stephan-Boltzmann (5.670 %1075 — )
m2k*
(¢) AT is the variation of the temperature,
(d) A is the area,

(e) k is the amount of heat transferred.”
For examples:

(i) Electromagnetic radiation, such as radio waves, microwaves, infrared, visible

light, ultraviolet, x-rays, and gamma radiation (7).

(ii) Particle radiation, such as alpha radiation («), beta radiation (), proton

radiation and neutron radiation (particles of non-zero rest energy).

(iii) Acoustic radiation, such as ultrasound, sound, and seismic waves (dependent

on a physical transmission medium).[35]

Definition 2.5.7. (Thermal Radiation)

“The process by which heat is transferred from a body by virtue of its temperature,
without the aid of any intervening medium, is called thermal radiation. Sometimes
radiant energy is taken to be transported by electromagnetic waves while at other
times it is supposed to be transported by particle like photons. Radiation is found
to travel at the speed of light in vacuum. The term electromagnetic radiation

encompasses many types of radiation such as:

(1) Short wave radiation like gamma rays, x-rays and microwave.
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(7i) Long wave radiation like radio wave and thermal radiation. The cause for the
emission of each type of radiation is different. Thermal radiation is emitted

by a medium due to its temperature.” [35]

Definition 2.5.8. (Thermal Diffusivity)
“The rate at which heat diffuses by conducting through a material depends on the

thermal diffusivity and can be defined as:

where « is the thermal diffusion,  is the thermal conductivity, p is the density

and C), is the specific heat at constant pressure.” [37]

Definition 2.5.9. (Mass Transfer)

“Mass transfer is the flow of molecules from one body to another when these
bodies are in contact or within a system consisting of two components when the
distribution of materials is not uniform.”

For example:

When copper plate is placed on steel plate, some molecules from either side will
diffuse into the other side. When salt is placed in a glass and water poured over
it, after sufficient time the salt molecules will diffuse into water body. Usually
mass transfer takes place from a location where the particular component is pro-

portionately low. [37]

Definition 2.5.10. (Boundary layer)

“The fundamental concept of the boundary layer was suggested by L.P randtl
(1904). A boundary layer is a thin layer of viscous fluid close to the solid surface
of a wall in contact with a moving stream in which (within its thickness) the flow
velocity varies from zero at the wall (where the flow sticks to the wall because of
its viscosity) up to the start of free stream at the boundary.

In spite of its relative thinness, the boundary layer is very important for initiating
processes of dynamic interaction between the flow and the body. The boundary
layer determines the aerodynamic drag and lift of the flying vehicle, or the energy

loss for fluid flow in channels .” [37]
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Definition 2.5.11. (Joule Heating)
“It is the procedure in which heat is generated by passing an electric current

through a conductor. It is also known as oh-mic heating or resistive heating” [37]

Definition 2.5.12. (Porous Medium)
“A material containing the pores in it is called porous material or a porous medium.
Pores are usually filled with fluid, i.e., liquid or gases. A porous medium is often

considered by its porosity.” [37]

Definition 2.5.13. (Magnetic Field)
“A region around a magnetic material or a moving electric charge within which

the force of magnetism acts.” [37]

2.6 Dimensionless Numbers

Definition 2.6.1. (Prandtl Number)
“The prandtl number is the connecting link between the velocity field and the

temperature field. The prandtl number is dimensionless Mathematically,

P =

=

pCp

where p represents the dynamic viscosity, C, the specific heat and x stands for
thermal conductivity.

This number expresses the ratio of the momentum diffusivity (viscosity) to the
thermal diffusivity. It characterizes the physical properties of a fluid with con-
vective and diffusive heat transfers. It describes, for example, the phenomena
connected with the energy transfer in a boundary layer. It expresses the degree of
similarity between velocity and diffusive thermal fields or, alternatively, between

hydrodynamic and thermal boundary layers.” [38]

Definition 2.6.2. (Nusselt Number)

“The hot surface is cooled by a cold fluid stream. The heat from the hot surface,



Preliminaries 19

which is maintained at a constant temperature, is diffused through a boundary

layer and convected away by the cold stream. Mathematically,

N, =&
K

where ¢ stands for the convection heat transfer, L for the characteristic length and

r stands for thermal conductivity.” [36]

Definition 2.6.3. (Reynolds Number)

“It is a dimensionless number which is used to clarify the different flow behaviors
like turbulent or laminar flow. It helps to measure the ratio between inertial force
and the viscous force.

Mathematically expressed as

pU?
LU
R, MLU = Re = —,
v
)zl

where U denotes the velocity of the fluid with respect to object, L the characteris-
tics length. At low Reynolds number, laminar flow arises where the viscous forces
are dominant. At high Reynolds number, Turbulent flow arises where the inertial

forces are dominant.” [34]

Definition 2.6.4. (Skin Friction Coefficient)
“The steady flow of an in-compressible gas or liquid in a long pipe of internal. The

mean velocity is denoted by U. The skin friction coefficient can be defined as

2Tw

C, ="
f pU27

where

e 7, denotes the wall shear stress, p is the density, and U is the free stream

velocity.” [39]
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Definition 2.6.5. (Porosity Parameter)

“Porosity is an important parameter for the characterization of materials. It cor-
responds to the volume of interstice that can contain fluid, related to the total
volume of the material. The description of the pore system can be refined by con-

sidering the pore size distribution.” [34]

Definition 2.6.6. (Brinkmann Parameter)

“It is the ratio between heat produced by viscous dissipation and heat transported
by molecular conduction. i.e., the ratio of viscous heat generation to external
heating. The higher its value, the slower the conduction of heat produced by

viscous dissipation and hence the larger the temperature rise.

pu?

Br— M
' k(T —Ty)

= Pr Ec,
where,

(7) p is the dynamic viscosity,

(74) w is the flow velocity,

(731) k is the thermal conductivity,

(iv) Tp is the bulk fluid temperature,

(v) T, is the wall temperature,

(vi) P, is the prandtl number,

(vii) E. is the Eckert number.” [34]
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Definition 2.6.7. (Suction Parameter)

“Suction is the force that a partial vacuum exerts upon a solid, liquid, or a gas.
When the pressure in one part of a system is reduced relative to another, the fluid
in the higher pressure region will exert a force relative to the region of lowered

pressure.” [34]

Definition 2.6.8. (Eckert Number)

“The Eckert number (FE.) is a dimensionless number used in continuum mechanics.
It expresses the relationship between a flow’s kinetic energy and the boundary
layer enthalpy difference, and is used to characterize heat transfer dissipation. It

is defined as

u? Advective Transport

- C,AT "~ Heat Dissipation Potential’

Ec

where,

(7) p is the local flow velocity of the continuum,

(i7) C, is the constant-pressure local specific heat of the continuum,

(23i) AT is the difference between wall temperature and local temperature.” [34]

Definition 2.6.9. (Velocity Slip Parameter)

“Velocity slip parameter v on the radial velocity profiles. It indicates that the slip
parameter has a significant effect on radial velocity distributions; there is a peak
for the radial velocity profiles (maximum) that decreases rapidly and moves to the

disk as the slip parameter v increases.” [34]

2.7 Generalized Governing Laws for Fluid Mo-

tion

In this section some basic laws are discussed which are necessary for the further

discussion. In later part of this section generalized equations such as continuity
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equation, momentum equation and energy equation are presented.

Several conservation laws such as the laws of conservation of mass, conservation of
energy and conservation of momentum are of great use for the research community:.
Historically, the conservation laws were first applied to a fixed quantity of matter
called a closed system or just a system, and then extended to regions in space called
control volumes. The conservation relations are also called balance equations since

any conserved quantity must balance during a process.

2.8 Continuity Equation

In the conservation of mass of fluid entering and leaving the control volume, the
resulting mass balance is called the equation of continuity. This equation reflects
the fact that mass is conserved.

For any fluid, conservation of mass is expressed by scalar equation:

dp B
o T V-V =0. (2.1)

For the steady flow (2.1) can be written as:
V.(pV)=0. (2.2)
For incompressible flow (2.2) becomes:
V.V =0. (2.3)

For incompressible and irrotational flow, the (2.3) is transformed in terms of ve-

locity potential ¢, which is given by:
V¢ = 0. (2.4)

(2.4) is known as Laplace equation.” [35]
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2.9 Conservation of Momentum

The product of the mass and the velocity of a body is called the linear momentum
or just the momentum of the body, and the momentum of a rigid body of mass m
moving with a velocity V' is mV. Newtons second law states that the acceleration
of a body is proportional to the net force acting on it and is inversely proportional
to its mass, and that the rate of change of the momentum of a body is equal to
the net force acting on the body. Therefore, the momentum of a system remains
constant when the net force acting on it is zero, and thus the momentum of such
systems is conserved. This is known as the conservation of momentum principle.

Mathematically, it can be written as:

0
5 (Pw) + V.l(puju] = V.T + pg,”

where

e u = velocity, p = Density, g = acceleration, T= Time. [35]

2.10 Law of Conservation of Energy

The law of conservation of energy states that the time rate of change of the total
energy is equal to the sum of the rate of work done by the applied forces and
change of heat content per unit time.

dp

T +V.pu=-V.q+Q+ ¢,

where ¢ is a dissipation function.” [35]
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2.11 Solution Methodlogy

Shooting method used to solved the higher order nonlinear ordinary differential
equation. To implement this technique, first convert the higher order ODEs to the
system of first order ODEs. In the shooting method, first we assume the missing
initial conditions and differential equation are then integrated numerically through
Runge-Kutta method as an initial value problem. The accuracy of the assumed
missing initial condition is then checked by comparing the calculated values of
the dependent variables at the terminal point with their given value there. If the
boundary conditions are not fulfilled upto the required accuracy, with the new
set of initial conditions, which are modified by Newton,s method. The method is

repeated again until the required accuracy is achieved. [35]



Chapter 3

Boundary Layer Flow through
Porous Medium with Slip

Conditions

3.1 Introduction

In this Chapter the detailed review of the article [1] “Boundary Layer Flow
through Darcy Brinkman Porous Medium in the Presence of Slip Effects and
Porous Dissipation” is presented. The goal of this research is to look at the
Darcy Brinkman flow across a permeable stretched sheet in the presence of vis-
cous and porous dissipation at different speeds and temperatures. The conversion
of non-linear PDE’s describing the proposed flow problem to a set of ODEs has
been carried out by employing appropriate similarity transformation. Shooting
method is incorporated for the solution of the proposed flow equations. The im-
pact of flow parameters on the non-dimensional temperature and velocity profiles
has been demonstrated by the aid of tables and graph. The limiting case of the
present study affirms that the obtained numerical result reflect a very good agree-

ment with those from open literature.

25
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3.2 Mathematical Modeling

Consider the flow across a porous media with a permeable stretching surface. In
Cartesian dimensions, the © — axis and y — axis are perpendicular to the sheet,
which is being stretched with velocity Us = az.

The temperature of the sheet and the ambient temperature are Ty = Ty, + ca?,
and T, > T,. The governing equations for the boundary layer assumption in the
presence of viscous dissipation are,

Continuity Equation:

ou Ov
I — Nl
Ep + By 0 (3.1)

Momentum Equation:

2 2 2
ou ou € (8 u) _ ke (3.2)

Yor "oy T p \o) oK

Energy Equation:

WL OE_ k(0T © G Y (3.3)
Ox oy pC, \ 9%y pC, He 0%y K* |’ '

along with boundary conditions

0 oT
u=ar+ 5 gu , v=—-Vy,, T=T,+6|— at y =0,
dy dy
u — 0, T =T, at Yy —00 .
(3.4)

Here u and v components of velocity along the x and y directions, respectively.

Introducing the similarity transformation

e /% u= g ().

v = —avg(c), e =

The detailed procedure for the conversion of (3.1)-(3.3)into ordinary differential

equations has been described in the upcoming discussion.

0 ,
8—Z =ag (§).
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v /
oy —ag (&)

Using the above derivation Continuity equation is trivially satisfied:

8“ 31) ’

B + 8_y =ag (§) — 049/(5) =0. (3.5)

To exhibit the procedure for the conversion of momentum equation (3.2) the di-

mensionless form following derivatives are evaluated:

au ”

v, =~y (€)

a'U/ ” af
d 8_3/ g (f)a—y

au " «

N

@2'& " 0% (0%
b a—yQ =azg (§) o\

(92u L

a—yQ = 79 (€)-

Hence the dimensionless form of (3.2) becomes

ou ou  u. (0*u peu
U™+ V7 = -
ox y p \ 0% pK*

3 2 2
, . €Eue (P Eax
= a’zg —a’rgg = H (—g _H g)

p v pK*
2 2
9 19 N €7 e "o ME /
= oa'z(g®—gg) =o'z | 7—g P
—U
v

"

= g —(9)+g9 —Png =0. (3.6)
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The conversion of energy equation (3.3) into dimensionless form is clarified by

carrying out the following calculations:

o T =(T,—T,)0+ T,
T, =Ty + ca?,
T = (T, + cx® — Tro)0 + T,
T = cx?0 + T,

or o, ,
o %_%(cxe)—kT@o

o ug—: = a2cxlzg ()

= 20(x?)cqg 6.

oT e
° va—y —vavgexl \/;

= —acz?dg.
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Incorporating all the above derivatives the energy equation (3.3) takes the form:

or , or _ k (0T ¢ @2+M_u2
Yoy 0%y pCp fe dy Kx*

2 ,fa\? o (axg)?

o (g’ [2) + 252D

Yor oy  pC,
k n €
P a, v, plazg)’
Cpo | 0 +— MeOé%'QE(g )2—1-—

2car’q 0 — acx’ghd = ——(cx?0" =) + —-
pCyp v PCp
K*

r

1

:>Pr

0" —29'0 — gt + E. [’y(g'/f + Pm(g')z} = 0. (3.7)

3.3 Boundary Conditions

The procedure for the conversion of boundary conditions into dimensionless form

is described below:

0
3 u—aaz+ﬁl(a—Z) at y=0
E=0 at y=20
O — oy (6,2
ay-amg v

ou
substituting the value of $; and — in above equation yields:

dy
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(%
u=ar+azrfg (£)

= axg (&) = az(l1+ B¢ ()
= g(0)=1+p9"(0) at £=0.

u=ar+ iozac\/gg”(f)
\/E v

° T—Ts—i—él(g—) at y =
5: at y:
oT o, O
20 =
dy et v
0 = ——

@
v

substitute the values of d; and M in above equation then
Y
9 9 o L. ]
cx*0(&) + Too = ca® + Too + —=ca®0 | —
&) v
v
= cx?0(€) = ca® + 00 (€)
= cx?0(&) = ca®(1+ 660'(¢))

= 0(0)=1+60(0) at ¢=0.

o v=-Vp at y=0

—Vavy(§) = -V

g(0) = — Yo at £ =0.

—y/ QU

Now considering the right boundary i.e,
E— o0 at y— o0
u—>0
o u=axg(f
0 = azg (o)
= ¢ —0 at (£) = oo
o T T,
T = To + cx?0(E)
Too = Too + cz?60(§)



Darcy Brinkman Porous Medium 31

=  c?0(€) =0
= f(c0) — 0 at (&) — 0.

The ultimate dimensionless form of the governing model is:
9" = (9)? 499 — Png = 0. (3.8)
]_ " / / " 2 /
F@ +9g0 —290+E.|v(9) —l—ng]:O. (3.9)
along with the boundary conditions:

/

g9(0) = S, g (0) =1+ B¢"(0), g'(c0)=0,

0(0) = 1+ 466'(0), f(c0) = 0.

(3.10)

3.4 Dimensionless Constant

Skin friction

W T
— B — t —
* o pU2<0y) =0

S

=  SpRax2 =g (0). (3.11)

Nusselt number
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T oT
Npo=—— (<) at y=0
* M TS—TM(8y> “

B T or
T4 cx? =Ty \ Oy =0

=  NpRex 2 =06(0). (3.12)
Following table gives some dimensionless physical parameters:

TABLE 3.1: Dimensionless Physical Parameters

Physical Parameters with No Dimensions Notations Definitions

Brinkmann parameter v g2le
Porosity parameter P, pg ‘f*
Suction/injection parameter S \/‘%
Prandtl number P. %
Eckert number E. %
Velocity slip parameter 15} 51\/§
Thermal slip parameter ) (51\/§

3.5 Solution Methodology

To obtain the numerical solution of equations (3.8) and (3.9) subject to boundary
conditions, shooting method is used. One can easily observe that (3.8) is inde-

pendent of g so it can be solved seperately first solution of this equation is pluged
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into the second equation later. Let us use the following notations:

n !/

9=, g =y =1, g =y, =1z, g =y,

Following system of ordinary differential equations is obtained by using above

notations for (3.8) :

y/l = Y2, yl(O) = s,
Yo = s, y2(0) = 1+ Bys(0), (3.13)
1

Y3 = ; [yg — Y3 + Pmyg} , y3(0) = t.

In order to achieve approximate numerical results, (3.13) is solved by RK-4 method.
The domain of our problem is considered to be bounded i.e. [0, 7], Where 7. is
a positive number for which the variation in the fluid property is negligible after

7 = Moo Assumed missing initial condition ¢ is such that:

y2(7700v t) = 0.

Newton method is used to solve above non linear algebraic equation and solution

will provide the missing initial condition ¢. Further we start the iteration by ¢t = ¢(%)

HHD) — 46) _ [<_ay2)l (o t))]
0t 2 na
t=t(0)

To incorporate Newton,s method, we further use the following notations:

Iy . ya - Jys3 .
ot Ya, ot Ys, or Ye- (3.14)

As a result of these new notations, the Newton,s iterative scheme gets the form:
(1) _ 4(0) Oys\
Y =t = == | (g2(n,1)) :
ot o

where i is the number of iterations (i = 0,1, 2, 3...). Now differentiating the system

of three first order ordinary differential equations (3.16) with respect to ¢, we get



Darcy Brinkman Porous Medium 34

three more equations. Following system of initial value problems is obtained:

Y1 = Y2, y1(0) =0,
v = Us: 4o(0) = 1+ By (0),
ys == (Y3 — y1ys + Pt , y3(0) = t,
Ui = Us, y4(0) =0,
s = Y, ys(0) = B,
yés = % [292y5 — Y1Y6 — Y3Ya + Prmys] , ys(0) = 1.

The required stopping criteria for shooting method is set as follows

ly2(n,t)] <€,

where € is finitely small positive number up to 1075.

Now considering equation (3.9) which is coupled in g and 6. We will use shooting
technique once again to solve this equation. This time we will incorporate the
solution of ¢ in (3.9) appropriately to get solution for #. For this purpose the

following notation have been taken in account.

" !

szl, elzyllzy?a 0 = Yo,

g = du g/ = d17 g// = d2-

As a result the following system of ODEs is obtained:

Y1 = Yo, y1(0) = 1+ Gy(0),

(3.15)
Yy = P, [leyl —dyy — B (yd3 + Pmd%)] , y2(0) = 7.

In order to achieve approximate numerical results, (3.15) is solved by RK-4 method.

The domain of our problem is considered to be bounded i.e. [0, 7], Where 7., is
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a positive number and for which the variation in the solution is negligible after

7 = 7oo. Assumed missing initial condition r is such that:

Y2(Moo, 1) = 0.

Newton,s method is used to refine the value of missing initial condition t. We start

the iteration by r = (%) in the following formula:

P = p0) [(%) h (ya( 7"))]
87” 2", )
r=r(0)

To incorporate Newton method, we further use the following notations:

o 0y

W = Vs, W = Ys. (3-16)

As a result of these new notations, the Newton,s iterative scheme gets the form:
o | (0w (ya(.7))
or | .

where 7 is the number of iterations (i = 0, 1,2, 3...). Now differentiating the system
of three first order ODEs (3.16) with respect to ¢, we get another system of ODEs,

of first order. Hence following system of IVPs is obtained:

Yy = Yo, y1(0) = 1 + Gya(0),
y; =P, [Zdlyl —dyy — B (yd3 + Pmdf)] , y2(0) =,
Ys = s, y3(0) = G,
ys = P, [2dvys — dys] | y4(0) = 1.

The required stopping criteria for shooting method is set as follows

ly2(n, )] <e,
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where ¢ is finitely small positive number up to 1075.

3.6 Validation of Codes

For validation of the numerical code Tables 3.2 and 3.3 have been presented and

the result compared with the results obtained by in built MATLAB routine bvp4c.
1]

l "
TABLE 3.2: Skin friction coefficient Sy, Rez = —g (0) for slip case 8 = 1.0. By
using shooting method.

Physical Parameters S sze;% = —¢"(0)
v S P, bvpdc Salman, et al. [1|] Present value
1.0 1.0 0.5 0.610511 0.610503
20 1.0 0.5 0.500008 0.500008
3.0 1.0 0.5 0.439566 0.439510
0.5 00 0.3 0.550438 0.550422
0.5 1.0 0.3 0.712228 0.712119
0.5 2.0 0.5 0.808872 0.808832
2.0 0.5 0.0 0.406493 0.406483
20 05 04 0.452006 0.452000
20 05 0.8 0.485908 0.485889

3.7 Results and Discussion

This section is dedicated for elaboration of effects of some important physical
parameters on velocity profile ¢’ (¢) and temperature profile #(¢). In the present
survey, the shooting method has been opted for reproducing the solution of g ()
and 0(£). The results are presented in different tables and graphs.

FIGURE 3.1 depicts the effect of Brinkman viscosity ratio parameter v on ve-
locity profile g/(f). It shows that velocity increases on increasing the values

of Brinkman viscosity ratio parameter. This also makes the sense because the
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=1 ’
TABLE 3.3: Local Nusselt number NgpyRe,? = —6 (0) when § = 1.0 and
S = 0.5. By shooting method

Physical Parameters N RxRe?l = —6'(0)

P. E. 9 P, v shooting method bvpdc

0.7 05 10 04 20 0.456141 0.0506995
1.2 05 1.0 04 20 0.538161 0.5000024
6.8 05 1.0 04 20 0.738928 0.06060773
3.0 00 1.0 04 20 0.738024 0.04100318
3.0 06 1.0 04 20 0.642319 0.06060773
3.0 1.2 1.0 04 20 0.546560 0.06060773
3.0 1.0 0.0 04 20 2.208602 0.06060773
30 1.0 06 04 20 0.820808 0.06060773
30 1.0 1.2 04 20 0.504071 0.06060773
3.0 1.0 1.0 0.0 20 0.640207 0.16773413
3.0 1.0 1.0 05 20 0.566207 0.08500874
3.0 1.0 1.0 1.0 20 0.517044 0.03473116
3.0 1.0 1.0 04 20 0.619665 0.04087228
30 1.0 1.0 04 20 0.578480 0.06060773
3.0 1.0 1.0 04 20 0.546450 0.10072825

brinkman viscosity ratio number appears with the velocity gradient term in the
momentum equation, consequently large values of brinkman viscosity parameter
increases the velocity.

FIGURE 3.2 portrays the effects of porosity parameter P,, on velocity pro-
file. It was noticed the velocity and momentum boundary layer decreases by in-
creasing porosity parameter.

FIGURE 3.3 and 3.4 we can see that, by increasing the suction parameter S
and slip parameter § , the velocity of fluid decreases and momentum boundary
layer becomes thinner.

FIGURE 3.5 demonstrate how the Brinkman viscosity number affects the tem-
perature profile 0(§). The rising function of v is the thermal boundary layer.
FIGURE 3.6 and (3.7) increase in the suction velocity S and porosity parameter
P,, decreases the fluid temperature with in the boundary layer.

FIGURE 3.8 describe how the Prandtl number affects the temperature field 6(¢).
The Prandtl number Pr will increase the temperature inside the boundary layer

drops as the temperature outside drops. This is because increasing the prandtl
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number one lowers the fluid’s heat conductivity. As a result of the stretching, the
heat transfer rate lowers, and the boundary layer shrinks.

FIGURE 3.9 the Eckert number Ec¢ has an impact on the temperature profile.
As expected, the thermal boundary layer grows since the Eckert number Fc rises,
as the Eckert number increases fluid friction between neighbouring layers, con-
verting kinetic energy to heat energy.

FIGURE 3.10 illustrates that increase in the thermal slip parameter 9, reduces

the temperature and thermal boundary layer.

1
Pm=0502.8=L0. | [ -1q] |
— =20
—=30
1=4.0
) i
W
~
(@)
|
6 7 8

FIGURE 3.1: Variation of velocity as a function of viscosity ratio
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FIGURE 3.2: Variation of velocity with porosity parameterP,,

1=2.0, §=0.2, Pm=0.5.

0.8

S=0.0
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S=20
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FIGURE 3.3: Variation of velocity with suction parameter S
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FIGURE 3.4: Variation in velocity as a function of the velocity slip parameter
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FicURE 3.5: Temperature variation using the brinkman parameter v
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FIGURE 3.6: Variation of temperature with porosity parameter P,

1=2.0,6=0.2,Pm=0.5,
Pr=1.2,Ec=1.0,4=0.3.

FIGURE 3.7: Temperature fluctuation as a function of suction S
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FiGURE 3.8: Variation of temprature with Prandtl parameter P,
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FIGURE 3.9: Variation of temprature with Eckert number E,
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FIGURE 3.10: Variation of temprature with Eckert number ¢



Chapter 4

Boundary Layer Flow through
Darcy-Brinkman Porous Medium
in the Presence of Slip Effects
Under the Effect of Joule Heating

and Inclined Magnetic Field

4.1 Introduction

This chapter contains the extension of the model given by Kausar, et al. [1] by
considering boundary layer flow through a Darcy-Brinkman porous medium with
convective boundary conditions and joule heating in the presence of a magnetic
field. Furthermore, by using the similarity transformations, the nonlinear PD Es
are transformed into a system of ODEs. The numerical solution of ODEs is ob-
tained by applying numerical technique known as shooting method. At the end
of this chapter, the final results are discussed for significant parameters that have

impact on the ¢'(£) and #(¢) which are shown in tables and graphs.

44
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4.2 Mathematical Modeling

Consider the flow across a porous media with a permeable stretching surface. In
Cartesian dimensions, the x — axis and y — azis are perpendicular to the sheet,
which is being stretched with velocity U, = ax.

The temperature of the sheet and the ambient temperature are Ty = T\, + cz?,
and Ts > T,,. The governing equations for the boundary layer assumption in the
presence of viscous dissipation are,

Continuity Equation:

ou Ov

e T ) 4.1
3x+8y 0 (4.1)

Momentum Equation:

Ju ou . ((0%*u e’ o
—fv—=— — —uBgsin’t. 4.2
uax—H)(?y p (8y2> pK*u—l—pu o sin (4.2)

Energy Equation:

or T w (82T) 2

Yo +U8_y — pC, \ Oy? * pC, dy K* = pC,

ou\* | i O p2,2 02
He (—) + + —Bju“sin“t| . (4.3)

along with boundary conditions

ou oT

u:ozx—l-ﬁl(a—), v=—-V, T:TS+51(—> at y =0,
Y

u — 0, T =Ty at Yy —00 .
(4.4)

Here inclined magnetic field term added to momentum equation and joule heating

added to energy equation.

M /
o zBO sin? tu = 2207 gin? taxg (€)
p o

g

pCyp

Biu*sin®t =
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The components of velocity along the x and y directions, respectively, are u and

v in the above equation. The similarity transformations are introduced.

§=/ov u=azg (€).
v=—yaug (6). 0O = 7

The detailed procedure for the verification of the continuity equation (4.1) has
been discussed in Chapter 3. The conversion of momentum equation (4.2) is
mostly same as shown in Chapter 3.

Let us consider magnetic field term:

o . oapM
e —Bysin?tu=--—""—

sin? taxg (€).
p

Plugin the above term in (4.2)

ou  Ou  Ep, [*u L€ o
-7 R € _ _BQ . 2t
" ox +U(9y p (83/2) pK*u+ p o S v

2 2 2
= @y PO - a%aag(©) = L (2 11(©)) - Hatnd (©

M /
= _I_gap (sin?t)axg (&)
p o
. an (< /)2 . //) . a2x 62,ue "o /1162 / + M(Sin2 t) /
g 99 ) = EU g pOéK*g g

v
= (9)°—99 =79 — Png + M(sin’t)g

= g9 —(¢)?+9gg — Png + M(sin’t)g = 0. (4.5)
Let us consider the term due to joule heating :

o o apM(azg')?

PCy

. Biu?sin?t = sin?Z.

pCy o

To convert the energy equation (4.3) into dimensionless form:

ou or s (0°T N €2 (8u)2 N pu? o B2u?sin® t
ox oy  pC, \ 9y? pC, |7 0y K* pC,
” 62 O{3x2

2
= 20041‘29/9—046$299/:OéCl'ngpe —l—pCp pre— (g")? MO}; (9)?

9 *
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o apMazx(g)?

= + sin’t
pC, o ,
2 'n 2 ol 2 Kk _no o322 € e , n 2 i N2
= 2acx’g 0 — acx®gl = acx ucpe + 7, e (9 )"+ DK (9)
3 2M ,
= S sin?t(g)?
, : 1, 1 u.a? ., e o,
= 2290 —gb) = 21 =6 + - ‘g (? —(g')?
acr?(2g g0) = acx 2 + |7, Cpg ( DK C’p(g)
v
062 - 92 / 2
= +?M sin“t(g )
2 P 2 2
/ ’ 1 . (67 7 (67 / « /
= 290—g0 = —0 + — 24 —P,(g)*+ —Msin’t(g)?
90 =90 = 50 + 59t o Pulg ) + S Msint(g)

1 " ’ / " ! /
= F@ —290+g0 +E.|v(g )*+ Pu(g )* + Msin’t(g )2] =0. (4.6

The detailed procedure for the conversion of boundary conditions into dimension-
less form is similar to that discussed in Chapter 3.

The ultimate dimensionless form of the governing model is:

9" —(g)* +99 — Png +sin’tMg = 0. (4.7)

1 " / / " ’ /
50 =290+ +Eg >+ E.P,(g9)* + E.Msin’t(g)* = 0. (4.8)

The transformed BCs are stated below:

g9(0) = S, g (0)=1+8g"(0), g(c0)=0,
0(0) = 14 66'(0), f(c0) = 0.

(4.9)

The dimensionless form of Skin-friction and Nusselt Number is evaluated as fol-

lows:
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Vv "
= Vavai\ ! ©
\/a _ "
= \/EI =g (0)
= S;pRex? =g (0). (4.10)
T oT
[ NRx TS _ TOO (a—y) at Yy =

=  NpRex? =6(0). (4.11)

4.3 Solution Methodology

Shooting method is used for the system of ordinary differential equations(4.7)

and (4.8) subjected to boundary condition (4.9). Following notation are being

considered for further work:

9=, g =y =1, g =y, =1z, g =y,

Following system of ODEs is obtained by using above notations in equation (4.7) :

yl1 = Y2, y1(0) = s,
Ys = Ys, y2(0) = 1+ Bys(0), (4.12)

;1 .
Us =3 (5 — y1ys + Puys — sin’tMys] . y3(0) = p.
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In order to achieve approximate numerical results, (4.12) is solved by RK-4 method.
The domain of our problem is considered to be bounded i.e. [0, 7], Where 7. is
a positive number and for which the variation in the solution is negligible after

7 = Nso. Assumed missing initial condition p such that:

yQ(T/OO?p) = 07

Newton,s method is used to refine the value of missing initial condition p further

we start the iteration by p = p©

pit = p) — [(%—f) (92(777])))]

To incorporate Newton,s method, we further use the following notations:

p=p(©)

o 0y 0y
ap Ya, ap Ys, ap Ys ( 3)

As a result of these new notations, the Newton,s iterative scheme gets the form:
(i+1) (i) dys\
P =p" = 5 (y2(n,p)) ,
P .
p:p(l)

where 7 is the number of iterations (i = 0, 1,2, 3...). Now differentiating the system
of three first order ODE’s (4.12) with respect to ¢, we get another system of ODE’s,

of first order. Hence following system of IV P’s is obtained:

y]. = y2, yl(o) = S’
vy = ys, y2(0) =1+ Bp,
Vs = = (13 — 1193 + Py + sin’tMys) ys(0) =,
Ys = Ys, ya(0) =0,

’ ]. )
Y6 =3 (20245 — 1196 — Ysya + Prys + sin*tMys) yo(0) = 1.
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The required stopping criteria for shooting method is set as follows

ly2(n,p)| <€,

where ¢ is finitely small positive number up to 1075.
For the numerical solution of (4.8), again we use RK-4 method through the fol-

lowing notation have been taken in an account.

9:y17 9/ :yll = Y2, 0// :yl27

g:d7 g/ :dl> g// :d2-
Following system of ODEs is obtained by using above notations in equation (4.8) :

Y1 = Yo, y1(0) = 1 + Gys(0),

(4.14)
Yy = P, [2diys — dys — Ec(vd3 + Pud}) + E.Msin®tdi],  y2(0) = q.

In order to achieve approximate numerical results, (3.15) is solved by RK-4 method.
The domain of our problem is considered to be bounded i.e. [0, 7], Where 7. is

a positive number and for which the variation in the solution is negligible after

= Noo-
Assumed missing initial condition ¢ such that:
Y2 (nooa Q) =0,

Newton,s method is used to refine the value of missing initial condition ¢ further

we start the iteration by ¢ = ¢

g = ¢t — [(%) R (y2(n, Q))]

Following derivatives are necessary to incorporate Newton method:

q=q(

Iy Oy .

8_q_y3’
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As a result of these new notations, the Newton iterative scheme gets the form:
=g = | (22) (na)

or ’ _’

q=q"

where 7 is the number of iterations (i = 0, 1,2, 3...). Now differentiating the system
of two first order ODE’s (3.16) with respect to ¢ two more equation of first order.

Hence following system of IVP’s is obtained

o=, y(0) =1+ Gq,
y; = P. [Zdlyl —dy, — E, (yd% + Pmd%) + EcMsithdﬂ . y2(0) =g,
Ys = Us, y3(0) = G,
vy = P[2d1ys — dyd), ya(0) = 1.

The required stopping criteria for shooting method is set as follows

ly2(n, q)| <e,

where ¢ is finitely small positive number up to 1075.

4.4 Validation of Codes

For validation of the numerical code Tables 4.1 and 4.2 have been presented and

the result compared with the results obtained by in built MATLAB routine bvp4c.

4.5 Results and Discussion

The mathematical outcomes of the equations are discussed in this unit

by using tables and graphs. The impact of various parameters such as Brinkman
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l 1"
TABLE 4.1: Skin friction coefficient Sy, Re; = —g (0) for slip case § = 1.0.
Comparison between shooting method and bvp4c

Physical Parameters S sze,% = —¢"(0)
v S P, shooting method bvp4dc

1.0 1.0 0.5 0.610442 0.6105112
20 1.0 05 0.500002 0.5000024
3.0 1.0 05 0.439312 0.4395283
0.5 0.0 0.3 0.550411 0.5504380
05 1.0 0.3 0.712201 0.7122794
0.5 2.0 0.5 0.808832 0.8088720
20 05 0.0 0.406400 0.4068926
20 05 04 0.452003 0.4519865
20 05 038 0.485901 0.4859061

TABLE 4.2: Local Nusselt number NRzRej = —6'(0) when 8 = 1.0 and

S = 0.5. Comparison between shooting method and bvp4c

Physical Parameters NRa;Regc71 = —6'(0)

P. E. 9 P, v shooting method bvpdc

0.7 05 1.0 04 20 0.456111 0.062191
1.2 05 1.0 04 20 0.538103 0.062191
6.8 05 1.0 04 2.0 0.738872 0.042228
30 0.0 1.0 04 20 0.738005 0.062191
3.0 06 1.0 04 20 0.642305 0.062191
3.0 1.2 1.0 04 20 0.546516 0.062191
3.0 1.0 00 04 20 2.208547 0.062191
3.0 1.0 06 04 20 0.820800 0.062191
3.0 1.0 1.2 04 20 0.504005 0.062191
3.0 1.0 1.0 0.0 20 0.640112 0.197152
3.0 1.0 1.0 05 2.0 0.566145 0.044660
3.0 1.0 1.0 1.0 2.0 0.517002 0.035473
3.0 1.0 1.0 04 20 0.619600 0.076326
30 1.0 1.0 04 20 0.578435 0.062191
3.0 1.0 1.0 04 20 0.546419 0.102838

viscosity ratio parameter, porosity parameter , suction parameter, slip parameter,
Prandtl number and Eckert number are observed graphically. This section is ded-
icated for elaboration of effects of some important physical parameters on velocity
profile ¢'(¢) and temperature profile 6(¢). Here shooting method has been opted
for reproducing the solution of ¢'(£) and #(¢).
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These physical parameters have a direct impact on ¢'(§) and 6(¢). The heat and
mass transfer rate for fixed values of Pm, Pr, Ec, S, 5, 06 and v are analyzed
numerically as shown in figures.

FIGURE 4.1  shows how the Brinkman viscosity ratio parameter affects the
velocity profile. By increasing the value of the Brinkman viscosity ratio number,
the velocity profile lowers. Because the Brinkman viscosity ratio number appears
in the momentum equation alongside the velocity gradient part, higher values of
the Brinkman viscosity parameter reduce velocity.

FIGURE 4.2 illustrates the impact of porosity parameter on the velocity distri-
bution. It can be seen that the velocity profile increases by enlarging the porosity
parameter.

FIGURE 4.3 and 4.4 reflect the influence of the suction parameter S and the
slip parameter § on the velocity profiles. The velocity of the fluid decreases, and
the momentum boundary layer thin.

FIGURE 4.5 clarifies the influence of Brinkman viscosity number + on the
temperature profile. Thermal boundary layer is an increasing function of 7.
FIGURE 4.6 and 4.7 depicts that with an increase in suction velocity S and
porosity parameter increase within the boundary layer, Pm lowers the fluid tem-
perature.

FIGURE 4.8 The temperature profile is shown with the impacts of the Prandtl
number. The temperature inside the boundary layer decreases as the Prandtl number
Pr rises. Because the heat transfer rate from the stretching sheet reduces as the
fluid’s Prandtl number (thermal conductivity) increases, the thermal boundary
layer shrinks.

FIGURE 4.9 show the effect of the Eckert number E'c on temperature profile;
as the Fckert number rises, fluid friction between adjoining layers rises, causing
kinetic energy to be converted to heat energy.

FIGURE 4.10 shows that the effects of thermal slip parameter. It is noted

that increasing the thermal slip parameter reduces the temperature and thermal
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boundary layer.

a'(s)

Pm=0.5,4=0.2,5=L10.
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FIGURE 4.1: Variation of velocity as a function of viscosity ratio ~.

08 122.0,=0.2,5=10.
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FIGURE 4.2: Variation of velocity with viscosity ratio parameter P,,.
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FIGURE 4.3: Variation in velocity as a function of the suction parameter S.
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FIGURE 4.4: Variation of velocity with the § velocity slip parameter.
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FIGURE 4.5: Variation of temperature with Brinkman parameter 7.
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FIGURE 4.6: Variation of temperature with porosity parameter P,.
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FIGURE 4.7: Variation of temprature with suction parameter S.
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FIGURE 4.8: Variation of temprature with suction parameter P,.
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FIGURE 4.9: Variation of temprature with Eckert number E..
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FIGURE 4.10: Variation of temprature with thermal slip

parameter 7.



Chapter 5

Conclusion

This research provides the elaborated review of boundary layer flow through Darcy
Brinkman porous medium in the presence of slip effects and porous dissipation.
Numerical results are explained with help of graphs and tables. Further the model
prepared by [1] is extended by adding the effects of joule heating and inclined
magnetic field. The obtained mathematical model contains nonlinear PDEs of
continuity equation, momentum equation and energy equation. These PDEs are
converted into a system of nonlinear ODEs by applying the similarity transfor-
mation. The numerical results of ODEs are obtained by shooting technique. The
dimensionless velocity behavior and temperature distribution have been analyzed
for various parameters. The numerical results are explained through different

figures and tables.

5.1 Concluding Remarks

After achieving the numerical results follows signification observation are recorded:

e Both velocity and temperature are increases with the increase of viscosity

ratio 7.

59
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e Both velocity and temperature decreases with the increase of porosity pa-

rameter P,,.

e Velocity and temperature are decreases by increase the suction parameter S.
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